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Many biochemical networks have sigmoidal, or ultrasensitive, responses.
Why?
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Cells must make decisions from sensing stochastic signals using 
stochastic biochemistry because all chemistry is stochastic.

For example, consider a rudimentary model of gene expression:



Substantial stochasticity has been measured in the biochemistry of 
many organisms:

Humans

Slime moulds

Yeast

Bacteria



What strategies do cells have for their decision-making?

Stochastic 
changes in 
the extracellular
environment

Appropriate
physiological
response

Stochastic 
biochemistry

By strategy, I mean how a signalling network detects and analyses information not in terms of 
the details of biochemistry but in terms of the functions of information-processing that 
biochemistry performs. 



What are cells learning from sensing?

 



Single cells can use signals to anticipate a change in the state of 
their environment.

In our intestine, bacteria are exposed to the sugar lactose before the sugar maltose.
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Single cells can use signals to anticipate a change in the state of 
their environment.

In our intestine, bacteria are exposed to the sugar lactose before the sugar maltose, but use 
the presence of lactose to predict the imminent occurrence of maltose.
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The predictive response is adaptive: bacteria grown in environments where lactose is not followed 
by maltose no longer predict the occurrence of maltose upon exposure to lactose.

lac operon mal operon
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How might cells infer the state of the extracellular 
environment? 

Can we understand the “design” of the biochemistry that 
allows them to do so?



The mating response in budding yeast

Gene expression in bacteria

We will consider two apparently different, yet similar, examples:

pheromone    



Control of the mating response of budding yeast
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Signal transduction: the mating response in budding yeast is 
controlled by a scaffolded cascade of MAP kinases.

α-factor pheromone

new gene expression
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The fraction of shmooing cells varies sigmoidally with the concentration of pheromone.
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nH=1.3

The scaffold Ste5 plays a role in generating the ultrasensitivity.

The mutant Ste5ND does not bind the kinase Fus3.
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We use a protein-fragment complementation assay (PCA) based on Renilla luciferase to 
measure interactions between proteins in vivo.
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A PCA assay of the interaction between the MAP kinase Fus3 and the scaffold Ste5 shows that the 
kinase activity of Fus3 is necessary to generate the ultrasensitivity.
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Non-docking mutant

Kinase-dead mutant
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The scaffold Ste5 activates auto-phosphorylation of the MAP kinase Fus3, but such partially active 
Fus3 inhibits mating by promoting phosphorylation of Ste5 and so increases the apparent binding 
affinity between Fus3 and Ste5. 

We find 3 new potential sites on Ste5 for phosphorylation by Fus3.

Bhattacharyya et al., Science 2006 a
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Adding back constitutively phosphorylated sites increases the interaction between Ste5 and 
Fus3, but it is no longer regulated by α-factor.
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How does the MAP kinase Fus3 dissociate from the scaffold Ste5? The phosphatase Ptc1 is recruited 
to Ste5 as the concentration of α-factor increases.



How is the sigmoidal response in the interaction 
between the scaffold Ste5 and the MAP kinase 
Fus3 generated? 
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In the absence of pheromone, Fus3 binds to Ste5, becomes partially 
active, phosphorylates Ste5, and then binds strongly to phosphorylated 
Ste5, but a phosphatase Ptc1 is recruited to Ste5 as pheromone 
increases.
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ABSTRACT The transient and steady-state behavior of a re-
versible covalent modification system is examined. When the mod-
ifying enzymes operate outside the region of first-order kinetics,
small percentage changes in the concentration of the effector con-
trolling either ofthe modifying enzymes can give much larger per-
centage changes in the amount of modified protein. This ampli-
fication of the response to a stimulus can provide additional
sensitivity in biological control, equivalent to that of allosteric pro-
teins with high Hill coefficients.

Biological systems must respond to internal and external vari-
ations such as the depletion of nutrients, the variations in hor-
mone levels, and the reception of sensory signals. The stimuli
are processed to change the activities of enzymes controlling
pathways in the biological system. Two basic phenomena play
a large role in this processing: allosteric changes in protein con-
formation and covalent modification of proteins.

Since the findings of Cori and Green (1) and Krebs and
Fischer (2) that glycogen phosphorylase exists in two forms,
phosphorylated and dephosphorylated, the number of proteins
that have been found to be controlled by covalent modification
has increased steadily. Covalent modification has been identi-
fied with control in carbohydrate metabolism, fat metabolism,
sensory systems, muscular contraction, protein synthesis, ni-
trogen metabolism, and malignant transformation (3-10).

In phenomena such as sensing, and in the regulation of me-
tabolism, it is important that the "turning on" of one pathway
and the "turning off" of another be sensitive to relatively small
changes in effector concentration. One known mechanism for
increasing the sensitivity of a system is through cooperative in-
teractions. Another is the effect of a ligand that enters at more
than one step in a pathway-e.g., to activate one enzyme and
inhibit another, as happens in the glycogen cascade (4).

Stadtman and Chock (11-13) have made an extensive and
elegant analysis of the mathematical relationships of cascades.
Using simplifying assumptions such as first-order kinetics and
negligible concentrations ofthe Michaelis complexes, they were
able to quantitate the amplification caused by multiple inputs,
the interrelationship ofoutput rates to parameter changes in the
modifying enzymes, and the acceleration of rate processes. To
show that their conclusions were not dependent on the sim-
plifying assumptions, they also utilized a more general quartic
equation involving 200 terms, which was solved by computer
approximation methods (11). This more complex equation sup-
ported the conclusions obtained from the simpler equations, but
specific cases revealed kinetic curves for certain parameter val-
ues that were apparently more sensitive to changes than the
initial curves. It occurred to us that further insight into the na-

ture ofcovalent regulation was possible, ifthe differential equa-
tions could be solved analytically outside the first-order region.

This analysis has been achieved, and the results reveal that
there is an added sensitivity inherent in covalent modification
schemes when one or more of the converter enzymes operate
in the "zero-order" region-i.e., region of saturation with re-
spect to protein substrate. Thus there is a property of covalent
systems that, in the absence of allosteric cooperativity and mul-
tiple inputs, can generate sensitivity equivalent to cooperative
enzymes with high Hill coefficients. The derivations leading to
and the implications of this finding are discussed below. For
convenience, we shall use the term "ultrasensitivity" to de-
scribe an output response that is more sensitive to change in
stimulus than the hyperbolic (Michaelis-Menten) equation.

Steady-state behavior of modification system
We shall consider a covalent modification system in which a
protein can exist in the unmodified form W and the modified
form W* as shown in Eqs. 1 and 2. The interconversion of the
forms is catalyzed by two converter enzymes, E1 and E2, ac-
cording to Eqs. 1 and 2.

a, k1

W+ E1 ± WE1-*W* + El
di

a2 k2

W* + E2 ±W*E2 -'W + E2.
d2

[1]

[2]

It is assumed that the other substrates and products for modi-
fication and demodification, corresponding in specific cases to
ATP, S-adenosylmethionine, H20, etc., are present at constant
levels and can therefore be included in the kinetic constants
without loss of generality. The kinetic equations governing the
time evolution of such a system are:

d[W] = -a1[W][Ej] + dl[WE,] + k2[W*E2]

d = al[W][El] - (d1 + kl)[WE,]dt

d[W*I = na2[W*][E2] + d4[W*E2] + kl[WE1]
dt

[3]

d[W*Ej = a2[W*I[E2] - (d2 + k2)[W*E21.
dt

These equations are complemented by conservation equa-
tions 4, 5, and 6.

WT = [W] + [W*I + [WE1] + [W*E2] [4]

t On leave from the Facult6 des Sciences, Universit6 Libre de Brux-
elles, B-1050 Brussels, Belgium.
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Zero-order ultrasensitivity from a competition between 
two opposing enzymes: a kinase and a phosphatase



Consider a kinase acting on a substrate: 

W −→W ∗

% of phosphorylated substrate W*

ra
te

 o
f p
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du

ct
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n 
of

 W
*



Consider the action of a phosphatase if the kinase is de-activated: 

% of phosphorylated substrate W*

ra
te

 o
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ro
du

ct
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n 
of

 W

W ∗ −→W



If both the kinase and the phosphatase act, the system reaches steady-state when the rate of 
production of W* by the kinase matches the rate of production of W by the phosphatase.

W −→W ∗

W ∗ −→W

kinase

phosphatase

% of phosphorylated substrate W*

steady-state 
concentration



Follow the change in the steady-state concentration of W* as the activity of the phosphatase 
increases:

O
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Increasing input and 
activity of the phosphatase

Hyperbolic
response

nH= 1



Let the amount of substrate potentially saturate the kinase and the phosphatase.

% of phosphorylated substrate W*
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non-saturated enzymes



As we increase the concentration of the phosphatase, the steady-state concentration 
of W* changes sigmoidally.

% of phosphorylated substrate W*



The change in steady-state concentration of W* varies sigmoidally or ultrasensitively as the 
activity of the phosphatase increases.

O
ut

pu
t 

or
 F

ra
ct

io
n 

of
 W

 in
 W

*

Increasing input and 
activity of the phosphatase

When the enzymes work near saturation, the kinase is unable to compensate for increases in 
the activity of the phosphatase generating large changes in the steady-state concentration of W*.



Zero-order ultrasensitivity requires a kinase and a phosphatase competing for the same substrate, 
with both working at saturation.

Fus3 Ptc1

But, 

[Fus3] ! [Ste5]

[Fus3] ! 200 nM

[Ste5] ! 50 nM

with

in vivo.

Ste5



The kinase and phosphatase bind in two stages to the substrate Ste5.

Text

Each enzyme first binds to a docking motif on Ste5 before binding and 
then potentially performing an enzymatic reaction on a phosphosite.



Two-stage binding and multiple phosphosites on Ste5 implies local saturation of an individual 
Fus3 when bound to Ste5.

An enzyme is locally saturated on Ste5 when the probability of an enzyme binding to a 
phosphosite rather than dissociating from Ste5 is close to one.



We assume that Ptc1 is similarly locally saturated through two-stage binding.



The full model with all 4 phosphosites on Ste5 and with Fus3 and Ptc1 



With only one phosphosite on Ste5, ultrasensitivity is not robust to changes in the 
concentrations of Ste5 and Fus3.

endogenous concentrations

Ptc1 is recruited to 
Ste5 with nH=2 as a 
function of α-factor.
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However, zero-order ultrasensitivity generated by two-stage binding and four phosphosites 
on Ste5 gives robust ultrasensitivity.
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We can then reproduce the sigmoidal response detected by PCA with our model.



As predicted, the sigmoidal character of the response is robust to increasing the concentration 
of the phosphatase Ptc1.



As predicted, we observe a loss in the sigmoidal character of the response as we reduce the 
degree of local saturation by reducing the number of phosphosites on Ste5. 
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the fraction of shmooing cells.



Decision to mate occurs early in the mating pathway.

The shmooing response to pheromone is highly ultrasensitive. 

The scaffold Ste5 is an active component of the pathway.

Multiple phosphorylation sites on Ste5 and two-stage binding 
give an ultrasensitive response robust to the concentrations of 
the other components.
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Control of gene expression in bacteria



Gene expression: the rate of gene expression can be a sigmoidal 
function of the number of active transcriptional factors.

P Output gene Repressor gene / /

Transcription

Translation

Output
protein

mRNA

R

R

R

R R



We expect less expression with more repressors.



To measure the response, we create a synthetic network that allows simultaneous 
measurement of
 (i) the input signal: transcription factor  (cI-YFP) 
(ii) the output: the production rate of the downstream gene (CFP).
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Experimental design: Fluorescently tagged repressor, in red, dilutes out as cells grow. The 
cell responds with new gene expression, in green, when the concentration of repressor 
falls sufficiently low.  



We developed the Schnitzcells software for automated image analysis and quantification of 
fluorescence levels.



We can measure the fluorescence 
intensity levels of cI-YFP and of CFP 
in individual cell lineages. 
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We translate the data from fluorescence 
versus time to production rate versus the 
concentration of the input signal.



The mean input-output curve (with 95% confidence limits)

nH is 
around 2



The promoter is activated cooperatively, or ultrasensitively, because two repressors 
bind to the DNA and each stabilizes the binding of the other.

OR1OR2 cfp

repressor

cooperative binding



A mutation to the DNA that weakens the binding of one of the repressors reduces the 
degree of the sigmoidal character of the response. 



The same principles hold for induction of the lac operon: the 
input signal of sugar effectively dilutes out active repressor.

No transcription in the 
absence of lactose



The same principles hold for induction of the lac operon: the 
input signal of sugar effectively dilutes out active repressor.

(Allo)lactose dilutes 
out active repressor 
and activates 
transcription



Ultrasensitivity is generated during gene 
expression by interactions between 
transcription factors at multiple binding 
sites at the promoter.

Ultrasensitivity is generated during signal 
transduction by a competition between a 
kinase and a phosphatase for a common 
substrate.
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Why should both biochemical networks have sigmoidal responses?

Input Signal

O
ut

pu
t



A yeast cell must 
decide whether to 
attempt to mate 
or not.

A bacterium must 
decide whether to 
express the 
enzymes to 
metabolize sugar 
or not.

or

environment rich 
in sugar

environment poor
in sugar

Both networks are responding to a similar challenge.



Consider if the bacterium is deciding in an environment that is in one of two states: a 
state high in sugar and a state low in sugar. 

Stochasticity can make the intracellular state a poor predictor of the extracellular state.

high sugar
extracellular state

low sugar
extracellular state

low extracellular sugar state no expression

high extracellular sugar state expression

To be successful, a bacterium ought to respond to a



Distinguishing from intracellular sugar whether the extracellular environment is in the high (red) 
or low (blue) sugar state is mostly unambiguous if stochasticity is low.

intracellular sugar (numbers of molecules)

pr
ob

ab
ili

ty
intracellular sugar
distribution 
corresponding
to the high 
extracellular
state

intracellular sugar
distribution
corresponding
to the low
extracellular
state



With high large stochasticity, identifying the high or low extracellular state is no longer unambiguous.  

intracellular sugar (numbers of molecules)
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Bayesian inference is a scheme to update prior belief with new data.

E

S

environment
(in a high or 
low sugar state)

intracellular sugar
(a continuous variable)

prior probabilityposterior probability
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For a two-state classification problem, the posterior probability is 
often a sigmoidal curve. Cells may respond sigmoidally because they 
are inferring the probability of an environmental state.

posterior probability of high sugar state in the environment



We can understand why one biochemical network is more or less sigmoidal than another. 
The degree of overlap between the two distributions (one for each state of the extracellular 
environment) determines the sigmoidal character of the posterior probability curve. 



We can use the idea that cells are performing statistical inference 
to re-interpret experimental data.

promoter
activity
for the
lac operon

expected output
for an AND logic gate

high IPTG <-> high lactose
high cAMP <-> low glucose



Two-state classification problem:
given the two input distributions determine the probability of the 
high sugar state (green curve).

Inverse two-state classification problem: 
given the probability of the high sugar state  (green curve) determine 
the two input distributions (red and blue distributions).



A posterior distribution
for a two-state problem
with the high and low 
states defined by two
variables (IPTG, cAMP)
fits the lac operon data.

lac operon 
data

posterior 
probability
of state
high in 
lactose 
(and low in 
glucose)

We fit a posterior distribution for the state high in lactose to the 
experimental data.



Bivariate lognormal distributions for the two environmental states that generate a posterior 
probability that fits the promoter activity of the lac operon.
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Figure 1: An inference problem solved by the regulation of the lac operon. (A) Generic two-class
discrimination problem that can be solved by transcriptional regulatory machinery. Low and high
environment states generates signals with the blue and red distributions respectively. The black
curve shows the estimated probability of a high environment state based on the signal observed.
(B) The response function of the lac operon measured as transcription rate in populations of
E. coli cells by Setty et al. [?]. The response function is a function of the chemical IPTG, a
non-hydrolyzable form of the sugar lactose, and cyclic AMP (cAMP) whose concentration in

vivo is inversely proportional to levels of glucose [?]. In the inference interpretation of Libby
et al., the extracellular environment has two states: one high in lactose (IPTG) and low in
glucose (high cAMP) and the other low in lactose and high in glucose (low cAMP). (C) An
example of probability distributions for lactose and cAMP in the two extracellular states [?]. If
the extracellular environment has two states with these signal distributions, then the response
function measured in (B) is similar to the posterior probability of the state high in lactose and
low in glucose (high in cAMP), shown in (D).
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We can estimate the statistics of the environment that natural 
selection has taught E. coli to expect.



Aside: an inference module need not have a monotonic output.



Conclusions

1. Cells are decision-makers, but they must decide from sensing stochastic 
signals using stochastic biochemistry.

2. We can understand the types of responses cells make by considering that 
cells infer properties of their environment.

3. We need to study the responses of single cells and mimic as best as 
possible natural environments.

4. Acknowledgments



Michael Elowitz (Caltech)
Nitzan Rosenfeld (Cambridge Research Institute)

Vahid Shahrezaei (Imperial)

Ted Perkins (Ottawa Hospital Research Institute)
Eric Libby (Massey)

Steve Michnick (Montreal)
Mohan Malleshaiah (Montreal)

swainlab.bio.ed.ac.uk

Malleshaiah et al. (2010)
Rosenfeld et al. (2005)
Libby et al. (2007)
Perkins & Swain (2009)


